Abstract. We prove that, in a neighborhood of a corank-1 singularity of an analytic integrable Hamiltonian system with n degrees of freedom, there is a locally-free analytic symplectic T n−1 -action which preserves the moment map, under some mild conditions. This result allows one to classify generic degenerate corank-one singularities of integrable Hamiltonian systems. It can also be applied to the study of (non)integrability of perturbations of integrable systems.
Introduction
Let (M 2n , ω) be a real analytic symplectic manifold, and F = (F 1 , ..., F n ) : M 2n → R n be the moment map of an integrable Hamiltonian system on it. We will always assume F to be a proper map. By definition of integrability, the map F is regular almost everywhere. It is well-known that (a connected component of) the preimage of a regular value of F is an n-dimensional torus (called a Liouville torus), and in a neighborhood of this torus there is a free symplectic T n -action which preserves the moment map.
In general, near a singular level set of the moment map, such a T n -action no longer exists. However, one can hope that there still exists a torus action of smaller dimension. Indeed, in [9] we have shown, among other things, the existence of a locally free T n−k -action for a corank-k nondegenerate singularity. Here a singularity is a germ of a tubular neighborhood of a singular level set of the moment map, and the corank is the maximal corank of the moment map at the points of the singular level set in question. The nondegeneracy condition is some natural condition, explained in detail in [9] , and satisfied by most singularities of integrable systems known to us. In [3] we suggested that the existence of a locally free T n−k -action must be also true for degenerate singularities (under some very mild conditions), and showed how it is related to the (non)integrability of perturbations of integrable systems. In the second part of [9] we showed how to use these torus actions to define characteristic classes, which are global topological invariants of integrable Hamiltonian systems.
The main aim of this note is to give a proof of the existence of locally-free T n−1 -actions for (degenerate) corank-1 singularities of integrable Hamiltonian systems. Let us now formulate the main theorem. As above, let F = (F 1 , . .., F n ) : M 2n → R n be a proper analytic moment map, and assume that N = F −1 (0) is a connected compact singular level set of corank 1. It means that the rank of the (differential of the) map F at any point of N is at least (n − 1), and there is a point x ∈ N where the rank of F is (n − 1). Since N is preserved by the Poisson R n -action of the moment map F, and the dimension of each orbit of this action in N is at least n − 1 because the rank of F is at least n − 1, the dimension of N is at least n − 1. Since the rank of F is at least n − 1 everywhere on N , the dimension of N is at most 2n − (n − 1) = n + 1. We have: The case dim N = n + 1 is too degenerate, and is ruled out from the above theorem. For example, consider an integrable system with two degrees of freedom and assume for example that the isoenergy level set Q = {F 1 = 0} is regular. Then by changing F 2 by F 2 = F 1 F 2 , Q becomes a corank-1 singular level set. On the other hand, according to a result of Fomenko (see e.g. [4]), Q can be any graph-manifold and does not admit any locally-free S 1 -action in general. Theorem 1.1 will follow from the following "local" result. A part of this result was obtained in collaboration with Alexey Bolsinov. 
